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2 Dimensional Analysis and Dimensional 
Reasoning 
John Bissell 
Imperial College of Science, Technology and Medicine, U.K. 
Abstract   This chapter explores some of the ways physical dimensions, such as 
length, mass and time, impact on the work of scientists and engineers. Two main 
themes are considered: dimensional analysis, which involves deriving algebraic 
expressions to relate quantities based on their dimensions; and dimensional rea-
soning, a more general and often more subtle approach to problem solving. The 
method of dimensional analysis is discussed both in terms of its practical applica-
tion (including the derivation of physical formulae, the planning of experiments, 
and the investigation of self-similar systems and scale models) and its conceptual 
contribution. The connection between dimensions and the fundamental concept of 
orthogonality is also described. In addition to these important uses of dimensions, 
it is argued that dimensional reasoning (using dimensionless comparisons to sim-
plify models, the application of dimensional homogeneity to check for algebraic 
consistency, and the ‘mapping-out’ of solutions in terms of parameter space) 
forms the implicit foundation of nearly all theoretical work and plays a central role 
in the way scientists and engineers think about problems and communicate ideas. 
2.1 Introduction 
…every particle of space is always, and every indivisible moment of duration is 
everywhere… (Isaac Newton 1687) 
Measurement lies at the heart of both science and engineering. When we seek 
to make connections between our physical theories and experiment, or when we 
want to build a bridge or pumping station, we need to know the relationships be-
tween the quantities involved and - more specifically - their relative sizes. An ex-
periment to test a theory of speed, for example, is not possible without some 
method of specifying relative distance, while a new railway bridge will be rightly 
considered a failure if it is not long enough to cover the relevant span. We are only 
able to practise science and engineering, therefore, by employing a system for 
communicating the relative magnitude of physical quantities. And it is this that 
necessitates measurement. 
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But what, exactly, does measurement involve? I could, if I so desired, use a 
ruler to measure the height in centimetres of the seat of my chair, finding this to be 
- say - 40cm. In the process I would be measuring a ratio: the ratio of the height of 
my chair to one centimetre, that is, 40:1. In doing so I have used a unit, in this case 
centimetres, as a base reference, but something more subtle has also taken place: I 
have made use of dimensions. 
The dimensions of a measurement are independent of the units used as the basis 
of reference. Indeed, when measuring the height of my chair I could have used 
inches or feet, or even - should the distance have seemed especially large - light-
years. Whatever the chosen unit, however, it would have to have been one appro-
priate for the dimension measured, in this case length. Exactly what length is con-
stitutes something of an ontological problem, but for the time being I will state 
that it is the property of a system or object that confers upon that system or object 
extension in space. But length is not the only dimension of interest to a scientist or 
engineer. We must also make use of other dimensions; for example, time, which 
confers temporal extension, and mass. What should be noted here, as Newton ob-
serves in the opening quotation (Newton, 1687), is that each of these is in some 
sense fundamentally unique and cannot be expressed in terms of the others. And 
this difference, which allows the scientist or engineer to draw both distinctions be-
tween properties and to find relations between them, has profound consequences. 
In this chapter I describe some of the important ways in which dimensions im-
pact on, and are used in, the work of scientists and engineers. In doing so I will 
make a distinction between what I consider to be two key branches. First, there is 
dimensional analysis: explicit reasoning from the dimensional nature of elements 
in a set of physical quantities to algebraic relationships between those quantities; 
and second, what might be referred to as dimensional reasoning: the more implicit 
process of making comparisons between quantities of identical dimension, or of 
‘mapping out’ a set of physical solutions in terms of dimensionless parameters. 
The first sense is possibly the one we are thinking of when we remember the a 
priori arguments taught at school or during undergraduate study. Nevertheless, the 
second, which makes up such an important part of the tacit skill base of those 
practising science and engineering, is perhaps that used most commonly. 
What follows is broadly speaking divided along these lines. The latter half of 
our discussion will centre on a review of the method of dimensional analysis, con-
sideration of its relationship to other forms of reasoning, and its application to 
both science and engineering. Though not intended as a primer in the method,1 the 
inclusion here of a few worked examples will help to illustrate several discursive 
points. In principle, there is substantial philosophical work in this area. A thor-
ough study of the issues involved - which range from ‘fundamental dimensions’, 
the place of dimensional argument in scientific explanation, to how and why such 
arguments work at all - is beyond the scope of this chapter, and will only be brief-
ly touched on. However, for the purpose of trying to uncover just what a scientist 
                                                         
1 Plenty of excellent books exist on this topic, not least Dimensional Analysis 
(Huntley 1953) and Dimensional Analysis for Engineers (Taylor 1974) 
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or engineer does, it is perhaps dimensional reasoning that is most important, and 
the first half of our discussion shall begin here. Many of the themes in this section 
may at first appear to 'state the obvious', but they are also key elements of the cul-
tural and working knowledge that underpins scientific research. 
2.2 Dimensional reasoning 
The dimensions length, mass and time, denoted by the letters L, M and T re-
spectively, have already been introduced. In mechanical problems the set L, M 
and T form what we might call fundamental dimensions, so that the dimension of 
a given mechanical quantity must be expressed as some combination of these 
three. For example, when we consider the velocity of a particle v, we are interest-
ed in the number of length units the particle covers in a given number of time 
units. Thus the dimensions of velocity, written using the square bracket notation 
[v] = V, is length L divided by time T, that is, V = LT
-1
. Because this expression 
gives the dimensions of V it is called the dimensional formula for V. Similarly, the 
dimensional formula for the particle's momentum p = mv, where m is its mass, is 
given by [p] = MV = MLT
-1
, while the expression for its kinetic energy E = ½mv
2
 
is [E] = ML
2
T
-2
. 
Just which set of dimensions should be deemed generally fundamental is some-
thing of an open question. In the examples given above we could in principle take 
L, M and V as fundamental, yielding a dimensional formula for time T = LV
-1
. 
That we don't probably has as much to do with the psychology of human beings, 
and our experiential understanding of the natural world from a 'common sense' 
perspective, as it does to the absolute nature of things. Indeed, it seems likely that 
scientists and engineers simply adopt whichever set seems most appropriate to the 
systems they study, just as they might choose an appropriate set of base units for 
measurement.2 
Nevertheless, the choice of fundamental units has been a source of controversy, 
especially when that choice impacts on the solubility of a problem. In electrical 
systems, for instance, the necessity of introducing an additional dimension of 
charge Q is clear. However, in cases involving heat, defining a fundamental tem-
perature dimension  is more complicated. Indeed, there are some heat-flow prob-
lems that are only amenable to dimensional analysis provided  is used in addition 
to L, M and T; yet from the perspective of kinetic theory, temperature is consid-
ered a form of kinetic energy with dimensions ML
2
T
-2
, rendering the same prob-
lem intractable (Rayleigh 1915a). As Lord Rayleigh notes, the situation is some-
what perplexing: 
                                                         
2 For a discussion of the history of dimensional analysis and the connection be-
tween fundamental dimensions and base units, see The Mathematics of Measure-
ment: A Critical History by J. J. Roche (Roche 1998). 
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It would indeed be a paradox if the further knowledge of the nature of heat afforded by 
molecular [kinetic] theory put us in a worse position than before in dealing with a 
particular problem. (Rayleigh 1915b) 
Unfortunately Rayleigh doesn't offer a resolution, though he speculates that 
there is perhaps something qualitatively different about the nature of thermal ki-
netic energy which warrants the use of  in certain contexts. From a kinetic per-
spective this has some justification: the thermal energy associated with a collec-
tion of particles is proportional to the mean of the square of their random 
velocities, not the square of their mean velocity. However, this argument on its 
own seems rather unsatisfactory. As Huntley suggests, it may be that ‘the criterion 
[for fundamentality] is purely pragmatic’ (Huntley 1953). Nevertheless, before 
considering the role of fundamentality in the method of dimensions, I shall review 
some of the important ways in which dimensional reasoning in general shapes the 
work of scientists and engineers. 
2.2.1 Dimensional homogeneity and commensurability 
Dimensional reasoning involves considering the relationship between physical 
quantities based on the dimensional properties of those quantities alone. It relies 
on the principle of dimensional homogeneity: every term in a physical equation 
must have the same dimensional formula. When a physical quantity q is expressed 
as a sum of n other quantities pi, such that q = p1 + p2 + … + pn, this means [q] = 
[pi]. Similarly, if a quantity q is proportional to the product of n other quantities pi 
themselves raised to powers ai, then 
        1 21 21 2 1 2 ,nn
a a aa a a
n nq Cp p p q p p p    (0.1) 
where C is a dimensionless constant of proportionality. Dimensional homogeneity 
makes intuitive sense to the extent that, for example, the total momentum of a sys-
tem is the sum of constituent momenta in the system, not the constituent velocities 
or the constituent masses. In this way, dimensional reasoning comes into play 
whenever we use physical formulae and is perhaps its most prevalent application. 
Certainly, dimensional homogeneity is an invaluable tool in the day to day work 
of both scientists and engineers, and is employed whenever examining the dimen-
sional consistency of terms in an equation (as a quick test for algebraic errors) or 
trying to recall half-forgotten formulae.  
Reasoning of this kind is also essential when comparing quantities: only those 
with the same dimensional formula are commensurable. Making magnitude com-
parisons between quantities whose dimensions differ is not meaningful; for in-
stance, there is no sense in which 2 kilograms are greater than 1 metre (length and 
mass are said to be incommensurable). However, knowing which variables domi-
nate physical processes is important to our understanding of how a system oper-
ates. Fortunately, quantities can be compared if they are expressed as dimension-
less ratios. In a perturbation analysis, for example, we might wish to consider the 
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relative importance of two quantities x and y perturbed from corresponding var-
iables x0 and y0. If the x and y variables have different dimensions this is not pos-
sible; however, finding dimensionless orderings, such as x/x : y/y, can reveal 
which effect is most important. 
Similarly, we can make comparisons between units of identical dimension. And 
by forming derived units, such as characteristic time and length scales, scientists 
and engineers can employ dimensional commensurability to think about the validi-
ty of their models. For example, in a system of non-uniform temperature Te we 
can use the dimensions of the gradient operator , which are [] = L-1, to define a 
characteristic length-scale lT = Te /|Te| over which the temperature varies by Te. 
This length scale may then be compared to other relevant length scales in the sys-
tem. Indeed, a key parameter in plasma physics is the electron thermal mean-free-
path T, the mean distance an electron travels before undergoing a collision. 
Broadly speaking, if T  <  lT, then we may assume that electrons deposit the ther-
mal energy associated with their motion locally: in a region at approximately the 
same temperature as the region from which they originated (Braginskii 1965). In 
this case a local model of heat transport may be used. On the other hand, if T   >  
lT, then electrons will stream rapidly into regions where the temperature differs 
considerably from that of their origin and a non-local model of heat transport is 
necessary. The value of the dimensionless parameter lT/T may then be used by 
plasma physicists to quickly characterise the nature of the heat-flow in the systems 
they study. 
2.2.2 Model simplification  
A related use of dimensional comparisons concerns the simplification of math-
ematical expressions in theoretical work, which I shall illustrate using a contrived 
example, taken again from plasma physics. Consider the following expression for 
the rate of change of a vector function f in a fluid system with bulk flow velocity 
C and mean electron collision time T :  
   ,
Tt 

    

f f
C f   (0.2) 
 
where C is a dyadic gradient operation yielding a rank-two tensor (matrix). Su-
perficially, equations such as these may seem imposing due to the difficulty of in-
terpreting the dyadic term; especially if the analytical form of C is either unknown 
or else fiendishly complicated. Nevertheless, we can make progress by combining 
physical understanding of the system and effective use of dimensional reasoning. 
We proceed by noticing that for many systems the components of C are likely 
to be of a similar order of magnitude as |C|, with C = |C| as the plasma’s bulk 
speed. This means that 
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      | | /C C C     C f f  (0.3) 
 
where the symbols '' and '~' mean 'of the order' and 'similar to' respectively.  
Furthermore, we observe using dimensional reasoning (as we did with tempera-
ture Te length scales above) that the characteristic speed length scale is given by lC 
= C/|C|. The quantity tC = lC/C thus represents the time taken for the bulk plasma 
to traverse a distance equal to that over which the magnitude of C changes by C. 
Hence, with reference to equation (2.3), equation (2.2) may be written 
 
f f f f f
T C Tt t t 
  
       
  
 (0.4) 
where the implied approximation is justified for many plasmas on the basis that 
the collision time T is generally much shorter than tC: that is, (f/tC) may be ne-
glected when compared with f/T.  
Crucially, by using our physical intuition, and a small degree of dimensional 
reasoning about the relevant length and timescales, we have successfully simpli-
fied an otherwise fairly opaque equation with relative ease. Whether or not equa-
tion (2.4) itself is soluble is not at stake here, the point is that we have made pro-
gress towards a solution. Such approaches are invaluable in theoretical work: 
exact expressions have a tendency to be mathematically intractable; approximate 
forms are often far more amenable to analysis. 
2.3 Method of dimensional analysis 
Having addressed some of the more general uses of dimensional reasoning, we 
are now in a position to explore the rather elegant topic of dimensional analysis 
proper. An example is instructive here and we shall introduce the method by con-
sidering the classic problem of a simple pendulum. This is a useful example for 
two reasons: firstly, it illustrates well the essential features of the method; and 
secondly, it highlights some of the method's conceptual peculiarities.  
2.3.1 Analysis of the simple pendulum 
 We begin by formulating an abstracted model for the pendulum, and to do this 
physical reasoning and experience must first be employed to emphasise certain 
features of the system compared to others. This is a process situated at the core of 
mathematical modelling, and the technique used when deriving equation (2.4) 
above. The system is constructed as follows: a bob of mass m is suspended from a 
light string of length l and displaced so that the string and vertical define a small 
angle  (see Fig. 2.1). Due to the restorative force of the bob’s weight mg, where g 
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is the acceleration due to gravity, the pendulum will swing back and forth with a 
fixed time period t. It is an expression for t that we wish to obtain. 
 
  
Fig. 2.1 The simple pendulum formed by suspending a bob of mass m on a string of 
length l. The angle  between the string (solid line) and the vertical (dashed line) 
is assumed to be small. 
The beauty of dimensional analysis is that this may be done without reference 
to either force balance or the solutions to differential equations. Indeed, the ap-
proach requires us simply to make an informed guess as to which quantities in the 
system are important and then proceed using basic arithmetic. Let us suppose, that 
t depends only on the pendulum’s length, which has dimensions L, the bob’s mass, 
which has dimensions M, and the acceleration due to gravity which has dimen-
sions LT
-2
.  
Using what has been dubbed the Rayleigh method, we assume that t is propor-
tional, by a dimensionless constant C, to the product of powers of l, m and g: 
 ,t Cl m g     (0.5) 
where ,  and  are constant exponents. Hence, by the expression for dimension-
al homogeneity of equation (2.1) we have: 
         + -2T=L M Tt l m g
         (0.6) 
 
so that comparing the exponents on either side of equation (2.6) we find 
exponents of T: 1 = -2, 
exponents of L: 0 =  + , 
exponents of M: 0 = . 
 
Thus, solving for  and   to find   = -  = 1/2, and substituting these values 
into equation (2.5) we have  
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1 2
l
t C
g
 
  
 
  (0.7) 
Notice that dimensional analysis does not tell us the value of C (in this case 2) 
which we would have to obtain from experiment or a different type of mathemati-
cal analysis; neither does it describe the importance of the angle , though alterna-
tive approaches do provide some insight (Huntley 1952). However, the method 
has revealed some important features of the system, such as the time period’s pro-
portionality to the root of the pendulum’s length, inverse proportionality to the 
root of g, and independence on the mass of the bob m. 
Indeed, dimensional argument differs from other forms of physical reasoning in 
a number of ways. It does not offer causal descriptions of phenomena and is una-
ble, without supplementary experimentation, to furnish us with accurately predic-
tive equations. Its status, therefore, as a means of explanation, or tool for dealing 
with physical problems requires some exploration. 
2.3.2 Conceptual value 
As a convenient route into a problem, especially when the underlying phenom-
enon is somehow obscured, dimensional analysis can prove unexpectedly power-
ful, and often enables scientists and engineers to bypass a more complicated math-
ematical treatment. Some of the classic applications of the method have been of 
this form: Rayleigh’s initial exploration of why the sky is blue, for example, does 
not recourse to full-blown electrodynamic modelling of interactions between inci-
dent light from the sun and scattering particles in the upper atmosphere (Rayleigh 
1871a; 1871b). Indeed, in the space of two short paragraphs he argues that the ra-
tio of the amplitudes of scattered and incident light RA is proportional to a dimen-
sionless function of three quantities: its wavelength , which has dimensions L; 
the distance to the scattering particle r, which also has dimensions L; and the par-
ticle's volume V, which has dimensions L
3
. The relationship RA  V/r was already 
known to Rayleigh, so that r, , and V may only be combined in a dimensionless 
fashion to give RA  (V/r
2
) and the key result: 
...the ratio of the amplitudes of the vibrations of the scattered and incident light varies 
inversely as the square of the wave-length, and the intensity of the lights themselves as the 
inverse fourth power. (Rayleigh 1871a) 
Thus, since blue light has a wavelength approximately half that of red light, it 
is more strongly scattered than the latter by a factor of ~16: it is this blue scattered 
light that we see when looking at the sky.3 
                                                         
3 That we see blue light rather than purple is a result of additional effects, includ-
ing the physiology of the human eye. 
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Indeed, though not able to provide complete solutions, the fact that dimensional 
analysis can supply key scalings is invaluable. In the example of the pendulum, 
the unknown constant of proportionality between t and (l/g)
1/2
 is in many ways of 
less interest than the functional dependence of t on l and g. To the physicist or en-
gineer a working knowledge of such dependence is often of more use than a nu-
merically accurate expression. If, for example, we want to double the period of a 
given pendulum, equation (2.7) tells us that we must quadruple its length; this re-
veals more about pendulums generally than, after having l, g and the 2 propor-
tionality supplied, calculating the value of  t for a specific case. 
Knowledge of relevant scaling is particularly important when trying to con-
serve experimental effort, as the following example adapted from Huntley demon-
strates (Huntley 1952). We suppose that an experiment is designed to study the 
dependence of a quantity q on other variables r, s and t. During the experimental 
planning stage, a brief dimensional analysis yields 
 
2
r s
q
t t

 
  
 
 (0.8) 
where  is an unknown exponent to be determined.  
Our a priori expression for q tells us that an experiment to measure the change 
of q with r, though enabling us to determine the constant of proportionality, would 
not be the most fruitful choice of investigation. It would be much better, in this 
case, to consider the change of q with s or t, and in doing so determine the value of 
. We might, for example discover that   = –2, implying that q is independent of 
t and proportional to r/s
2
. When detailed theoretical work is either intractable or 
obfuscatory, the method of dimensions can support the work of scientists and en-
gineers, acting as a guide in experimental endeavour. 
Nevertheless, dimensional analysis has an additional, and more subtle concep-
tual value prompting different ways of responding to a physical solution. In the 
pendulum example we began by explicitly selecting what we thought were the 
principle variables of the system, namely l, g and m, only to go on to exclude m 
from appearing in our expression for t. In this way, the analysis tells us very clear-
ly that the time period of a pendulum cannot depend on m. Alternatively, had we 
begun by arguing from Newton’s laws of motion, the cancellation of m in our der-
ivation may well have passed unnoticed as an instance of mathematical felicity. In 
the first case we set out what we believed to be important, discovering both what 
is and what is not by comparison with our initial supposition. In the second case 
no such comparison is available because no initial supposition is made. Conceptu-
ally we learn different things about the system depending on our method of analy-
sis, though these methods are, of course, complementary. By following the dimen-
sional method we discover that there is no functional dependence of t on m; 
turning to a forces-based argument we can find out why. 
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2.3.3 Dimensions and orthogonality 
Before proceeding further it is worth considering in greater detail how dimen-
sional analysis and dimensional reasoning work, and what their working means for 
our understanding of physical problems. As we have seen, the basic principle of 
the analysis is dimensional homogeneity, but that this principle should be effective 
at all is a consequence of its relationship to one of the key concepts in science and 
engineering: orthogonality.  
There are a number of ways of thinking about orthogonality. However, the one 
most appropriate to dimensional analysis and dimensional reasoning is the orthog-
onality of vectors (though it is not clear that dimensions themselves form a vector 
space in the proper sense). For example, displacement is a scalar quantity, with an 
absolute magnitude reflecting the distance displaced; while the change in position 
following a displacement is a vector quantity, reflecting the magnitude of dis-
placement and direction in which the displacement occurs. In an orthogonal sys-
tem the different components of a vector act independently. For example, follow-
ing a displacement in a Cartesian (x, y) geometry, the change in the x-position tells 
us nothing about the change in y; information about how both vary is needed for a 
complete description. 
In a similar fashion, the dimensions of a quantity vary independently. When we 
compared exponents of L, T and M in equation (2.6), we were able to do so be-
cause any exponent change in a given dimension on one side of the equation had 
to be accounted for by an equal change in the same dimension on the other. In-
deed, this is the basis of dimensional homogeneity discussed earlier, which in 
some respects represents one of the most fundamental manifestations of orthogo-
nality in natural science. 
The connection between orthogonality and dimensions may be made more ex-
plicit by introducing the concept of vector length.4 Treating length as a scalar we 
may denote its singular dimension as L; while treating it as a vector we find it has 
three component dimensions Lx, Ly and Lz, where the subscript carries information 
about the (Cartesian) direction considered. Furthermore, these definitions allow us 
to treat the dimensions of other quantities with greater descriptive precision. In a 
vector system, for example, velocity in the x-direction may be more accurately 
given the dimensions of LxT
-1
. And as we shall see in the following section, this 
approach greatly enhances the power of dimensional analysis. 
                                                         
4 Huntley provides a comprehensive development of this approach (Huntley  
1952), attributing its origin to much earlier work in the late nineteenth century 
(Williams 1892). 
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2.4 Scale models, similarity and scaling laws 
The method of dimensions can be particularly important to engineers during the 
process of designing prototypes, and has long been used as a technique for think-
ing about the relationship between scale models and what those models actually 
represent. Here it is the principle of similitude which is important; the idea that the 
responses of different sized models may be compared because relevant physical 
phenomena act in the same way over a range of scales. In the past, these ap-
proaches have been widely applied to problems involving the motion of bodies in 
fluids; systems for which the number of variables, and the complexity of the equa-
tions relating them, makes general solution impossible. Indeed, such cases are of-
ten of considerable technological importance: when designing an aircraft, for ex-
ample, it is necessary to know the impact of air resistance when planning the 
number and power of its engines, and the size of its fuel tank. 
Aircraft design is one of the classic applications of dimensional analysis, and 
serves as a useful example of how scaling laws derived from the method may be 
applied in a practical setting. To illustrate this we shall consider a slightly artificial 
scenario, again adapted from Huntley (Huntley 1952), making use of the vector 
length dimensions previously mentioned. Symmetry considerations, however, 
mean that Huntley's analysis can be simplified from the set of three vector lengths 
(Lx, Ly and Lz) to two. 
Suppose that we wish to predict the resistance R likely to be met by a prototype 
aircraft using measurements derived from a scale model in a wind tunnel. Our first 
task is to find an expression for the air resistance to a model placed in a medium 
(air) of density , viscosity  and flowing with velocity v. Since, the direction of 
flow defines only one unique axis (about which solutions are invariant under rota-
tion) we require only two fundamental length dimensions: those parallel to flow L|| 
and those perpendicular L. In this way, v has dimensions L||T
-1
, while the model's 
characteristic length l and cross-section A have dimensions L|| and L
2
 respective-
ly.5 The quantities and their dimensions are tabulated below: 
 
Quantity q               Dimensions [q] 
Resistance R M    L|| - -  T
-2
 
Flow velocity v - -   L|| - -  T
-1
 
Density of medium  M    L||
-1
  L
-2
 - - 
Characteristic length l - -   L|| -  - - 
Characteristic cross-section A - -   - - L
2
 - - 
Viscosity of medium  M    L||
-1
 - -  T
-1
 
                                                         
5 If flow is in the x-direction, for example, this may be thought of as setting Lx  = 
L|| and L = (LyLz)
1/2
, so that [l] = L|| = Lx and [A] = L
2 
= LyLz. 
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Table 2.1 Physical quantities and their dimensions.    
As before, we assume that R may be expressed as the product of the other 
quantities raised to fixed powers , , ,  and , multiplied by a dimensionless 
constant of proportionality C. In this way we have 
 R Cv l A        (0.9) 
Performing the analysis we find that R cannot be unequivocally determined, so 
that 
 2
vA
R Cv A
l





 
  
 
  (0.10) 
where  is unknown.  
The dimensionless quantity vA/l is in fact Reynold's number, a key parame-
ter in fluid mechanics. That  should remain undetermined reflects the fact that 
scaling with vA/l is dependent on the peculiarities of a given problem, a point 
we shall return to. However, for current purposes we note that comparison be-
tween the model and the prototype is possible without knowing  provided we en-
sure vA/l takes the same value in both systems. The process of enforcing identi-
cal values for dimensionless quantities in equations for systems on different scales 
is referred to as dimensional similarity, and may be understood as follows. 
Denoting quantities associated with the model using the subscript m and those 
associated with the prototype using the subscript p, and assuming that the model is 
on a scale 1:r, the characteristic length scales and cross-sections are such that lp /lm 
= r and Ap /Am = r
2
. Then, since the density and viscosity of air is the same for both 
model and prototype, that is, m = p =  and m = p = , we find 
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2p p p p m
m m p m m
R v v A l
r
R v l v A
 
 
 
 
    
      
    
 (0.11) 
Notice that  remains problematic because the dimensionless quantity vA/l 
has not yet been fixed to take the same value on both scales. For this condition to 
hold, the model must be tested under conditions such that vm = rvp, in which case 
 
  
 
2
p p p pm m
m pp
rv A r v Av A
l ll r
 
 
   (0.12) 
and equation (2.11) reduces simply to the fraction 
 1.
p
m
R
R
   (0.13) 
Hence, by measuring Rm we indirectly arrive at Rp. Indeed, what we have dis-
covered is a scaling law between the model and the prototype: the resistance en-
countered by the prototype travelling with velocity vp, is identical to that of the 
model in a wind tunnel with wind-speed vm = rvp. Explicitly stating the velocity 
argument in our notation for resistance, so that we use Rp(vp) for resistance in the 
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former case and Rm(vm) for the latter, this scaling law may be expressed more con-
cisely as 
    .p p m m pR v R v rv   (0.14) 
Our example of the model aircraft is instructive because it clearly demonstrates 
the power of dimensional analysis when applied to problems of engineering in 
complicated systems such as fluids. It should be noted, however, that there is some 
artificiality to the problem in this instance. Given that aircraft must often travel at 
very high speeds, it may well be impossible to reach velocities of rvp for the mod-
el. Even for large models, with r ≈ 10 for example, wind-tunnel speeds of thou-
sands of miles per hour would be necessary. 
Nevertheless, aircraft designers can again rely on dimensional analysis for as-
sistance. Supposing we found by experimentation with our model that vA/l 
tends asymptotically towards a fixed value as v is increased. For sufficiently high 
speeds, therefore, we find that resistance becomes proportional to the square of the 
velocity, that is, equation (2.10) may be approximated as 
   ' 2 ,R v Cv A   (0.15) 
where C' is the product of C with the asymptotic value of vA/l. Hence, combin-
ing this approximate expression with equation (2.14), it may be shown that 
  
 
 
   
2
2 .
m p p
p p m m m m
m m m
R rv v
R v R v r R v
R v v
 
   
 
 (0.16) 
 
In this way, investigation of the functional dependence of vmA/l with vm pro-
vides us with a means of finding Rp even when wind tunnel speeds of rvp are un-
obtainable. 
However, the use of scaling laws and dimensional similarity is not restricted to 
design problems involving scale models. Indeed, in the 1940s Sir Geoffrey Taylor 
famously used dimensional scaling to discover the otherwise undisclosed yield of 
the United States' then most advanced atomic weapon (Taylor 1950a; 1950b).6 
Following its detonation at time t, in air of atmospheric density , the energy E of 
a bomb may be related to the radius of its blast wave r using the Rayleigh method: 
       
5
2 -2 -3
2
ML T M L T
2 1 1 1
log log log log log
5 5 5 5
r
E r t E C
t
r t E C
       

    
    
 (0.17) 
Here I have disguised some of the complexity of Taylor's analysis (which in-
volved solving a self-similar shock problem, not the simpler Rayleigh method) in 
                                                         
6 These papers were not, so the story goes, popular with the U.S. military. 
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the unknown dimensionless quantity C.7 The key point is that his solutions were 
dimensionally similar and he was able to determine C  1 using scaling laws from 
smaller explosion trials of known energy. Labelled photographic snapshots of the 
atomic test were not secret (they had been declassified in 1947 and clearly indicat-
ed the radius of the blast in successive time frames), so it was then straightforward 
for Taylor to determine E from the intercept of the logarithmic plot of r against t. 
Taylor's estimate of the yield at 16,800 Tons is impressively close to the released 
figure of 20,000 Tons. 
In more recent years, scaling laws have been successfully applied to experi-
ment with laboratory astrophysics (see, for example, Falize et al. (2009)). Since 
actual astrophysical systems are well beyond the possibility of experimental repli-
cation on a 1:1 scale, dimensional similarity is a key method of investigation for 
scientists seeking repeatable tests of their theories. 
2.4.1 The -Theorem 
No discussion of the use of dimensional analysis would be complete without 
mentioning what has become known as the -Theorem - the seminal formal work 
on the topic published by E. Buckingham in the early 20
th
 Century (Buckingham 
1914). Broadly speaking, the theorem states that a dimensionally homogeneous 
equation involving n variables, defined in terms of k orthogonal dimensions, may 
be reduced to an equation in (n – k) dimensionless parameters 1, 2, ..., n–k. 
Together, these parameters characterise the system of interest and a relationship 
between them obtains such that: 
  1 1 2 3, , , ,n k       (0.18) 
where the function 1 is unknown and the subscripts are interchangeable. From 
this expression, further relations between the dimensionless quantities and their 
constituent variables may be derived in a similar fashion to the manner in which 
we proceeded earlier. For example, in the problem of the model aircraft we have 
six variables (R, v, , l, , A) and four orthogonal dimensions (M, L||, L, T), so 
that n = 6 and k = 4. The system may thus be characterised by the n – k = 2 param-
eters 1 = (R/v
2A) and 2 = (vA/l). In this way equation (2.18) allows us to 
write 
  
2
,
R
vA l
v A
  

   (0.19) 
which the reader may recognise as an alternative form of equation (2.10). Natural-
ly there are subtleties to the -Theorem which have been glossed over here, but 
                                                         
7 I have also clearly used dimensional quantities inside the logarithms and the 
reader must assume that these are normalised by the units in which they are meas-
ured. 
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our result shows something important about the scope of dimensional analysis by 
making it clear that the functional dependence is not necessarily with exponent. 
Indeed, the undetermined value of  in equation (2.10) was a consequence of this 
fact:  is not simply a constant and the relationship of R to (vA/l) is more com-
plicated than a power law. 
Nevertheless, as we saw with the scale model, the details of the function  are 
not necessarily crucial so long as it may be approximated for a range of condi-
tions. Indeed, the undetermined aspect of the analysis is often of benefit to scien-
tists and engineers because it can reveal additional features of the underlying sys-
tem. For the case considered, the dependence on vA/l in a given regime will, 
more-or-less, follow a single power law; a shift towards a different power, there-
fore, reflects changes to the principal dynamics and transition to a different re-
gime. This quality was born out in our treatment of model aircraft: the asymptotic 
approach of vA/l towards a constant corresponds to the rapidly decreasing im-
pact of viscosity, when compared to turbulence, in the high velocity regime (Hunt-
ley 1952). 
2.4.2 Dimensionless parameters and solution space 
The discussion of dimensionless parameters in the last topic returns us neatly to 
the more general consideration of dimensional reasoning in science and engineer-
ing that we began with. As we have seen, scientists and engineers typically use 
dimensionless parameters to 'map out' different regimes in the systems they study. 
These techniques become particularly powerful when equations are re-written in 
terms of dimensionless parameters and expressed graphically.  
 As an example, consider a plasma instability (Bissell 2010) whose maximum 
growth rate M may be approximated by 
  
2
1
,TM
T Tl

  

 
  
 
  (0.20) 
where T and lT are the electron thermal mean-free-path and temperature length 
scale in the plasma mentioned earlier, T is the mean time between collisions and 
() may be taken to be constant.8 Suppose we wanted to graphically represent the 
growth-rate as a function of the temperature length scale. Naïvely, one might go 
about this by choosing values for T and T and plotting M against lT, thus show-
ing the inverse proportionality inherent in equation (2.20). However, such a graph 
would only be immediately relevant to systems for which T and T took the same 
values as those used to construct the plot. It would be more interesting to use a 
dimensionless approach and plot the combined parameter (MT) against (lT/T); 
                                                         
8 These quantities were discussed in Sect. 2.2.1 Dimensional homogeneity and 
commensurability in the paragraph on derived units. 
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this continues to reveal the inverse proportionality of M and lT, but has the added 
advantage of being applicable to systems for which a vast range of values T and 
T are relevant. It should be noted that a local model was used to derive equation 
(2.20),9 so that the lT/T axis has the additional advantage of naturally identifying 
areas where the expression for the growth rate begins to break down, namely, 
where lT/T < 1 for which T > lT. 
The use of dimensionless parameters as the scales on axes in graphics is often 
referred to as mapping out the graphic in parameter space, and is a convenient 
means of displaying more information than may be relayed on other types of plot.  
It is a standard technique in the day to day work of scientists and engineers who 
seek to quickly spot regimes where given phenomena are important, or rapidly 
communicate their ideas to others during discussion. 
2.5 Conclusions  
Throughout this chapter we have seen a number of ways scientists and engi-
neers use dimensional analysis in their work and research: be that through the a 
priori derivation of physical formulae; as an initial aid when planning fruitful ex-
perimentation; or the use of scale models, dimensional similarity and scaling laws. 
The power of the method rests not only in its relative ease of implementation, but 
also in its versatility; with applications ranging from problems involving heat-flow 
(Rayleigh 1915) to the study of a cat's lapping mechanism when drinking (Reis et  
al. 2010). Furthermore, the analysis can also impact on the way scientists and en-
gineers interpret the systems they study, by identifying key combinations of varia-
bles as dimensionless parameters which characterise behaviour in different re-
gimes. 
However, alongside these varied and important applications it is worth remem-
bering that dimensional analysis itself has its origins in the more humble, but no 
less significant, field of dimensional reasoning. Indeed, arguably the most frequent 
use of dimensions by scientists and engineers is reasoning of this form. When try-
ing to remember half-forgotten formulae, or when attempting to derive new ones, 
the scientist or engineer will frequently appeal to the principle of dimensional ho-
mogeneity as an aid to memory or technique for identifying algebraic errors. In 
fact, every time an equation is written down, quantities compared and models 
simplified, the principle of dimensional homogeneity is tacitly employed. Fur-
thermore, through the use of parameter space and dimensionless ratios, dimen-
sional reasoning plays a key role in generalising concepts beyond specific circum-
stances enhancing the interpretation, discussion and communication of ideas.  
                                                         
9 See previous footnote. 
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